Algebraic relations for reciprocal sums
of even terms in Fibonacci numbers
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Let {F,}n>0 and {L,},>0 be Fibonacci numbers and Lucas numbers defined by

F0:07 F1:17 Fn+2:Fn+1+Fn (TLZO)a
L0:2, L1 = ]., Ln+2 :Ln+1+Ln (nZO)

Duverney, Ke. Nishioka, Ku. Nishioka, and the last named author [1] proved the transcendence
of the numbers
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by using Nesterenko’s theorem ([3]) on Ramanujan functions P(q), Q(q), and R(q).
Let us set

Cr(s) :=Z% (s=1,2,3,...).
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n= n

In [2], we proved that the values (r(2), (r(4), (r(6) are algebraically independent, and that
for any integer s > 4,

Cr(25) = 5" *rp(4) € Qu,v), u=(p(2), v =(p(6)
with some r; € Q (rs = 0 if and only if s is odd), where the rational function of v and v is
explicit; for example,
1

= (256u° — 3456u” + 2880u* + 1792u"
378(du + 5)

G(8) ~ TG0

—11100u> + 20160u2v — 10125u? + 7560uv + 31360 — 10501}).



Similar results were obtained for >~ >° | (—=1)"*1F 25 3> L2 and Y 2 (—1)"*'L; 2.
In this talk, we discuss the algebraic independence and algebralc relatlons for remprocal
sums of even terms including
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Furthermore, combining two different even sums, we obtain reciprocal sums of evenly even
terms and of unevenly even terms. For example, from Y >0 | F, 2 and > 00 (—1)"*1F, > we
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We show that the numbers ©(2), ©(4), ©(6) (respectively, ©%(2), ©%(4), ©%(6)) are algebraically
independent, and for each s > 4, ©(2s) (respectively, ©%(2s)) is written as an algebraic
function of them. In particular, the algebraic relations corresponding to ©%(2s) are rational;
for example,

1

O%(8) = 70(5z + 6y)

(125:153 + 45022y + 540zy? + 216y°
1252y — 50022 + 50y — 200y= + 200z2),

where x = ©%4(2), y = ©%(4), z = ©F(6).
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