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1 Introduction.

Let X be a projective variety of dim X = n over the complex number field, and let
L be an ample line bundle on X. Then the pair (X, L) is called a polarized variety.
Moreover if X is smooth, then (X, L) is called a polarized manifold.

When we study polarized varieties, it is useful to use their invariants.

One of the well-known invariants of (X, L) is the sectional genus ¢(L) of (X, L).
Assume that X is smooth and L is very ample. Let Hy, ..., H,_ 1 be general members
of |L|. Then X,,_; := HyN...N H,_; is a smooth projective curve by the Bertini
theorem. In this case g(L) = h'(Ox, _,). Furthermore in [3] we define the notion
of the i-th sectional geometric genus g;(X, L) of (X, L) for every integer i with
0 <i < n. Here we explain the meaning of this invariant if X is smooth, L is very
ample, and 7 is an integer with 1 <7 <n—1. Let Hy,..., H,_; be general members
of |L|. We put X,,_; := HiN...NH,_;. Then X,,_; is smooth, dim X,,_; = ¢, and

These induce the notion of the i-th sectional invariant of (X, L) (see Definition
2.1 below). The i-th sectional invariants are expected to reflect properties of i-
dimensional geometry:.

In this paper, we assume that (X, L) is a polarized manifold. First we define
another i-th sectional invariants, the i-th sectional H-arithmetic genus x(X, L),
the i-th sectional Euler number e;(X, L), the i-th sectional Betti number b;(X, L),
and the i-th sectional Hodge number h' (X, L) of type (j,i — j) of (X, L) (see
Definition 3.1) and we will study some properties of these. Next, we consider the
case where ¢ = 2. In this case, the second sectional invariants reflect properties of
geometry of projective surfaces. So we believe that by using sectional invariants of
(X, L), we can propose some problems which are analogous to those of projective
surfaces.

The author would like to thank Professors H.Yoshihara and H.Kojima for giving
him an opportunity to talk about this topic.



2 Preliminaries.

Notation 2.1 Let (X, L) be a polarized manifold of dim X = n. Assume that
Bs|L| = ). Then by the Bertini theorem, there exists a sequence of subvarieties

Xp1C---CXpCX

such that dim X; = n — j and X; € |L;_4| for every integer j with 1 < j <n —1,
where Xo:= X, Ly:= L,and L; := L;_|x, for 1 < j <n—1.

Definition 2.1 Let (X, L) be a polarized manifold of dim X = n. Let I(Y) (or I)
be an invariant of a smooth projective variety Y of dimY = ¢, where ¢ is an integer
with 0 < ¢ < n. Then an invariant F;(X, L) of (X, L) is called the i-th sectional
invariant of (X, L) associated with I if F;(X,L) = I(X,—;) under the assumption
that Bs|L| =

Notation 2.2 (1) Let X be a projective variety of dim X = n, let L be an ample
line bundle on X, and let £ be an indeterminate. Then the Euler-Poincaré
characteristic of L®', x(L®"), is a polynomial in ¢ of degree n (see §1 of Chapter
I in [10]), and we put

x(L®) = ZXJ (X, L

where
{1 _ tt+1)---(t+5—1) if >0,
)1 if j =0.

(2) Let Y be a smooth projective variety of dimY = i, let 7y be the tangent
bundle of Y, and let 2y be the dual bundle of 7y. For every integer j with
0 <5 <14, we put

hi’j(Cl(Y), HR CZ(Y)) = X(Q%/)
= /ch(Q{/)Td(Ty).

(3) Let (X, L) be a polarized manifold of dim X = n. For every integers i and j
with 0 <72 <nand 0 <j <7, we put

J

CiX,L) = (-1 (” mils 1) (X)L,

=0

w!(X, L) = hi;(CH(X, L), -, Ci(X, L) L"™".



(4) Let X be a smooth projective variety of dim X = n. For every integers 7 and
7 with 0 < j < < n, we put

T () i A

Hl(/L?j) _{ 0 1f]:7/,

e { Do) TR i G £0,

Ha (i, J) ‘_{ 0 if j = 0.
Definition 2.2 (1) Let X (resp. Y) be an n-dimensional projective manifold,
and let L (resp. A) be an ample line bundle on X (resp. Y'). Then (X, L)
is called a simple blowing up of (Y, A) if there exists a birational morphism

7 : X — Y such that 7 is a blowing up at a point of Y and L = 7*(A) — E,
where F is the m-exceptional effective reduced divisor.

(2) Let X (resp. Y) be an n-dimensional projective manifold, and let L (resp.
A) be an ample line bundle on X (resp. Y). Then we say that (Y, A) is a
reduction of (X, L) if there exists a birational morphism p : X — Y such that
i is a composite of simple blowing ups and (Y, A) is not obtained by a simple
blowing up of any polarized manifold. The morphism p is called the reduction
map.

Remark 2.1 Let (X, L) be a polarized manifold and let (M, A) be a reduction of
(X, L). Let pn: X — M be the reduction map.

(1) Assume that Bs|L| = (). Then for a general member D of |L|, D and pu(D) €
|A| are smooth.

(2) If (X, L) is not obtained by a simple blowing up of another polarized manifold,
then (X, L) is a reduction of itself.

(3) A reduction of (X, L) always exists (see Chapter II, (11.11) in [2]).

3 Definitions of sectional invariants of polarized manifolds
and their properties.

First we define the following.

Definition 3.1 (See [3], [7] and [8].) Let (X, L) be a polarized manifold of dim X =
n, and let 7 and 7 be integers with 0 <7 < n and 0 < j <. (Here we use Notation
2.2)

(1) The i-th sectional geometric genus g;(X, L) of (X, L) is defined as follows:

51X L) = (<1 (tuilX, L) = X(Ox) + D (=1 (Ox).



(2) The i-th sectional H-arithmetic genus x? (X, L) of (X, L) is defined as follows:
X7H(X, L) == xni(X, L).

(3) The i-th sectional Euler number e;(X, L) of (X, L) is defined by the following:

7

e(X, L) = 3 (~1)! (” o z+ = 1)0”()()[,"”1.

1=0
(4) The i-th sectional Betti number b;(X, L) of (X, L) is defined by the following;:
eo(X, L) ifi =0,
bi(X, L) = ‘ i—1 P74 .
(—1) <ei(X, L) = Yih2(- 1) (X, @) otherwise.
(5) The i-th sectional Hodge number hg’ifj(X, L) of (X, L) is defined by the fol-
lowing:
WX L) = (1) {w] (X, L) = Hi(i, ) = Ha(i5) }
Remark 3.1 (0) The i-th sectional geometric genus and the i-th sectional H-
arithmetic genus can be defined for any polarized variety.

(1) Since x;(X, L) € Z for every integer j with 0 < j < n, by definition we get
that ¢;(X, L) € Z and x¥ (X, L) € Z for every integer i with 0 <i < n.

(2) If i = 0, then
go(X, L) = xE(X,L) = eg(X,L) = by(X, L) = hg"(X, L) = L".

(3) If i =1, then

a(X,L) = g(L).
X1 (X, L) = 1-g(L)
erl(X,L) = 2-2g(L)
(X, L) = 29(L).
(X, L) = hy'(X,L) = g(L).
(4) If i = n, then
gn(X, L) = h"(Ox).
Xn (X.L) = x(Ox)
en(X, L) = e(X).
bo(X,L) = by(X).
RVI(X L) = RI(X)
REP(X L) = RYH(X).



Proposition 3.1 Let (X, L) be a polarized manifold of dim X = n. Assume that
X is smooth and Bs|L| = (). We use Notation 2.1. Then for every integers i and j
withl1 <1 <nand0 <75 <1

gi(Xa L) hz(Oanz)
XZH(X7 L) - X(OXn_i)‘
(X, L) = e(X,).
bi(X,L) = b(X,).
WX, L) W (X,y).

Proof. See [3], [7] and [8]. O

Remark 3.2 By Proposition 3.1 ¢;(X, L) (resp. x7(X, L), e;(X, L), b;(X, L), and
h"7(X,L)) is equal to the geometric genus (resp. the arithmetic genus in the
sense of Hirzebruch (see [9]), the Euler number, the i-th Betti number, and the
Hodge number of type (j,7 — j)) of X,,_;. (Here we use Notation 2.1.) Namely
the i-th sectional geometric genus (resp. the i-th sectional H-arithmetic genus, the
1-th sectional Fuler number, the i-th sectional Betti number, and the i-th sectional
Hodge number of type (4,7 — j)) of (X, L) is the i-th sectional invariant of (X, L)
associated with the geometric genus (resp. the arithmetic genus in the sense of
Hirzebruch, the Euler number, the i-th Betti number, and the Hodge number of

In general, we can prove the following.

Theorem 3.1 Let (X, L) be a polarized manifold of dim X = n. For every integers
1 and 5 with 0 <1 <n and 0 < j <1, we get the following.

(X, L) = Yo iR D).

2) If i is odd, then b;(X, L) is even.

1) b
)
)
)

(
(
(3) R2"(X,L) = h7 (X, L).

(4) B°(X,L) = h)"(X,L) = g;(X, L).
Proof. See [8]. O

Remark 3.3 (1) In Theorem 3.1, we only assume that L is ample (not necessarily
base point free).

(2) Let Y be a smooth projective variety of dimY = 4. Then

(2.1) (1) in Theorem 3.1 corresponds to b;(Y) = Zj':o R I(Y).

(2.2) (2) in Theorem 3.1 corresponds to the following.
If 7 is odd, then b;(Y) is even.



(2.3) (3) in Theorem 3.1 corresponds to h?**~7(Y) = h*=7I(Y) for every integer
j with 0 < j <.
(2.4) (4) in Theorem 3.1 corresponds to h*°(Y) = h%(Y') = h'(Oy).

Proposition 3.2 Let (X, L) be a polarized manifold, and let (M, A) be a reduction
of (X, L). For every integer i with 1 <1 < n, the following hold.

(1) g:i(X, L) = gi(M, A).
(2) X?(Xa L) = XzH(Ma A)'
Proof. See [3] and [7]. O

Proposition 3.3 Let (X, L) be a polarized manifold of diim X = n. Assume that L
1s base point free. Then for every integers i and j with 1 <1 <n and 0 < j <7 the
following hold.

(1) g:(X,L) > n'(Ox).
(2) bi(X, L) > bi(X).
(3) AI"7(X, L) > hPI(X).

Proof. See [3] and [8]. O
By considering Proposition 3.3, we can propose the following conjecture.

Conjecture 3.1 Let (X, L) be a polarized manifold of dim X = n. Then for every
integers i and j with 1 <1 <n and 0 < j <1 the following hold.

(1) (X, L) > h(Ox).
(2) bi(X, L) > bi(X).
(3) hI(X, L) > hHI(X).

4 The second sectional invariants of polarized man-
ifolds.

By Proposition 3.1 and Remark 3.2, we can expect that the second sectional invari-
ants reflect the “2-dimensional geometry”. So it is natural to consider the following.
“Can we get results of polarized manifolds which are analogous to theorems related
to results of projective surfaces 7”

In this section, we treat this.

First we consider the case where Bs|L| = () and we use Notation 2.1.
(A) In this case by Proposition 3.1, the Lefschetz theorem, and the adjunction for-
mula, we get that go(X, L) = h*(Ox,_,), h'(Ox) = ' (Ox,_,), bi(X) = bi(X,_2),
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RPO(X) = WO Xnoa), WOH(X) = h¥H(Xao2), x3'(X, L) = Xx(Ox,_,), e2(X,L) =
e(Xp_s), bo(X, L) = by(X,_5), by (X, L) = h" 1(Xn,2) and (Kx 4 (n—2)L)2L"2 =

2
Xn—

-
(B) Moreover if (X, L) is not a scroll over a smooth surface, then there are the
following correspondences between (X, _2) and xK(Kx + (n —2)L) (see [7]).

Value of k(X,,—2). < Value of kK(Kx + (n —2)L).

—00 e —00
0 & 0
1 o 1
2 & > 2

(We note that the direction < in (x) and the direction = in (k%) need the
assumption that (X, L) is not a scroll over a smooth surface.)
(C) Let (X, L) be a polarized manifold which is not a scroll over a smooth surface,
let (M,A) be a reduction of (X,L), and we put M, o = u(X,_2), where p :
X — M is the reduction map. Then M, 5 is smooth and Ky, , = (Ky + (n —
2)A)|m, ,- Assume that £(X,_2) > 0. (We note that this condition is equivalent to
the condition that k(Kx + (n —2)L) > 0 by above.) Then x(Ky + (n —2)A) > 0.
Hence by the adjunction theory of Beltrametti-Sommese (see [1]), Ky + (n —2)A is
nef. In particular, K, _, is nef. Hence ul|y, , : X,,_2 — M,_5 is the minimalization
of Xn_g.

From (A), (B), and (C), we infer that there are the following correspondences
between invariants of smooth projective surfaces S and invariants of (X, L).

Invariants of S. < Invariants of (X, L).
2(0g) e 02(X, L)
Rt (Os) & h*(Ox)
W0s) e VX, L)
K3 & (Kx+(n—2)L)*L"2
K2 & (Ky+(n—2)A)2A"2
k(S) =k & k(Kx+(n—-2)L)=k
k(S) =2 & k(Kx+(n—2)L) > 2
e(S & ea(X, L)
(S) = b1 (X)
hlL(S) & hy' (X, L)
htO(S) & R0 (X)
ho1(S) & RO (X)

(In (x), we assume that x(Kx + (n — 2)L) > 0 and let S (resp. (M, A)) be the
minimalization of S (resp. a reduction of (X, L)). In (xx) k = —o00,0, or 1, and we
assume that (X, L) is not a scroll over a smooth surface. In (x * %) we assume that
(X, L) is not a scroll over a smooth surface. )
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By considering these correspondences, we can propose a lot of problems which
are analogous to those of smooth projective surfaces. For example here we consider
the following four representative theorems of projective surfaces.

Theorem 1 (Noether’s formula) Let S be a smooth projective surface. Then
12x(0s) = K2 + ¢(9).

Theorem 2 (Castelnuovo’s theorem) Let S be a smooth projective surface. As-
sume that k(S) > 0 (resp. k(S) =2). Then x(Os) >0 (resp. x(Og) > 0).

Theorem 3 (Noether s inequality) Let S be a smooth projective surface of gen-
eral type and let S be the minimal model of S. Then K2 > 2pg(S) 4.

Theorem 4 (Bogomolov-Miyaoka-Yau’s inequality) Let S be a smooth pro-
jective surface of general type. Then 9x(Og) > K?2.

By using the above correspondences, we can give the following conjectures. For
k=1,...4, Conjecture k corresponds to Theorem k above.

Conjecture 1 Let (X, L) be a polarized manifold of dim X =n > 3.
Then 123 (X, L) = (Kx + (n — 2)L)2L"? + ey(X, L).

Conjecture 2 Let (X, L) be a polarized manifold of dim X = n > 3. Assume that
kK(Kx + (n—2)L) >0 (resp. >2). Then x4 (X, L) >0 (resp. > 0).

Conjecture 3 Let (X, L) be a polarized manifold of dim X = n > 3. Assume that
K(Kx + (n —2)L) > 2. Let (M,A) be a reduction of (X,L). Then (Ky + (n —
2) A2 > 2g,(M, A) -

Conjecture 4 Let (X, L) be a polarized manifold of dim X =n > 3. Assume that
kK(Kx + (n—2)L) > 2. Then 9x¥(X,L) > (Kx + (n —2)L)*L"2.

Here we give some comments about the above conjectures.
(A) We can prove that Conjecture 1 is true. Namely

Theorem 4.1 Let (X, L) be a polarized manifold of dim X =n > 3.
Then 12x5 (X, L) = (Kx + (n — 2)L)?L" % + e5(X, L).

Proof. See [8]. O
(B) For Conjecture 2 we get the following result.

Theorem 4.2 Let (X, L) be a polarized manifold of dim X = n > 3. Assume that
k(X) > 0. Then x¥(X,L) > 0.



For the proof, see [4] and [6]. O
(C) We note that in my preprint [7], we obtained some partial results of Conjecture
4. See [7] in detail.
(D) If L is base point free, then Conjecture 2, Conjecture 3, and Conjecture 4 are
true.
Similarly, we can propose many problems other than the above. In detail see [5].
Finally we note that we also obtain the following lower bound for e;(X, L) and
b (X, L) if the Kodaira dimension of X is non-negative.

Theorem 4.3 Let (X, L) be a polarized manifold of dim X = n > 3. Assume that
k(X) > 0. Then we get the following.

(1)

n n

62(X7 L) Z Ln

(2)
bo(X, L) > 0.

Proof. See [8]. O
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